Abstract: Frequency response mismatches (FRMs) in time-interleaved analog-to-digital converters (TIADCs) generate undesired spurs degrading the performance of TIADCs. This paper introduces a digital calibration method for the FRM in M-channel TIADCs (M-TIADCs). This method exploits fixed differentiator finite-impulse response (FIR) filters and the Hadamard transform to reconstruct the mismatch induced error signal. The mismatch parameters are estimated utilizing a short training signal and the least square (LS) method. Our method is simpler in terms of implementation compared with conventional methods as cumbersome time-varying filters, complex signal processing and front-end hardware modifications are avoided. Numerical simulation results demonstrate the efficacy and efficiency of the proposed method. Keywords: frequency response, time-interleaved ADC, mismatch, polynomial representation, Hadamard transform, least square Classification: Circuits and modules for electronic instrumentation 
Introduction
Time-interleaved analog-to-digital converter (TIADC) [1] and hybrid filter bank analog-to-digital converter (HBF ADC) [2] are two similar schemes to achieve high sampling rate by employing several analog-to-digital converters (ADCs) operating in parallel. The TIADC scheme stands out because of its simplicity in hardware implementation. Ideally, the sampling rate of M-channel TIADC (M-TIADC) is M times of the sampling rate of a sub-ADC and without any performance loss. However, discrepancies between sub-ADCs referred to as mismatches arise because of the non-ideal manufactural process. These mismatches generate unwanted spurs distorting the input signal and degrading the performance of TIADC.
The TIADC architecture has been widely studied during the last three decades and a large number of methods are proposed to deal with the mismatch problem. The frequency independent mismatches, i.e. offset, gain and timing skew mis-matches, are dealt with in many papers e.g [3, 4] and references therein. Frequency response mismatch (FRM) is identified by Vogel and Johansson [5] as the main concern in future identification and calibration methods.
A frequency domain method is employed in [6] to deal with the mismatch problem in M-TIADC. The main drawback of this method is the lack of a configuration using a digital filter that is suitable for practical use. A least square (LS) filter design technique for FRM in M-TIADC is proposed in [7] . This method exploits the measured channel frequency responses to design a time-varying compensation filter based on the LS criterion. In [8] , a polynomial-based timevarying structure is proposed for FRM compensation in M-TIADCs. This method avoids expensive on-line filter design by representing the frequency responses as polynomial series in j!. However, this method presumes the mismatch parameters are known thus no mismatches estimation method is presented. Moreover, a timevarying calibration filter is adopted in this method which means the variable multipliers must be updated at every sample.
The on-line method proposed in [9] calibrates the FRM in M-TIADCs by reserving some of the samples for reference signal. The main drawback of it is that the front-end hardware needs to be modified. In [10] , a blind digital compensation method based on oversampling is proposed. However, it only works well for 2-TIADCs. Complex signal processing is employed in methods proposed in [11, 12, 13, 14] to estimate the mismatch coefficients and suppress spurious components. This paper proposes a training signal based calibration method for FRMs in M-TIADCs. Our approach exploits fixed differentiator finite-impulse response (FIR) filters and the Hadamard transform to reconstruct the mismatch induced error signal and then subtract the error from the TIADC output. The mismatch coefficients are estimated by the LS method utilizing a short training signal which is a part of usual communication signals. Compared with existing calibration methods for M-TIADC, e.g. [8] , our method has the following superiorities. Firstly, all signal processing units contained in our calibration structure are real and timeinvariant, thus cumbersome complex and time-varying signal processing is avoided. Secondly, the mismatch parameters can be estimated on-line utilizing the training sequences contained in many communication signals, e.g. orthogonal frequency division multiplexing (OFDM) signals.
2 Model of M-channel TIADC Fig. 1 shows the block diagram of an M-TIADC and the timing diagram of the sampling clocks. The analog input signal xðtÞ (bandlimited to the Nyquist frequency) is sampled by M sub-ADCs operating in parallel with the same sampling period MT s but the difference of T s in sampling instants between adjacent channels. The sampled outputs of each sub-ADC are multiplexed to form y½n which is equivalently sampled with sampling period T s . The quantization effect is neglected throughout the analysis in this paper. Ideally, y½n is the same as the uniformly sampled input signal x½n ¼ xðnT s Þ. However, spur components stemming from the discrepancies between channel frequency responses H n ðjÞ distort the signal and degrade the dynamic performance.
The output y½n in the frequency domain is written as [15] 
and
where Xðe j! Þ is the discrete-time Fourier transform of x½n.
Polynomial representation of frequency responses
In this paper, the frequency responses H n ðe j! Þ are represented by the polynomial series in j! as in [8] , i.e
where real-valued parameter n;p is the p-th coefficient of the polynomial series for channel n and
is the p-th order discrete-time differentiator. Fig. 2 shows a model of M-TIADC exploiting the polynomial representation of channel frequency responses. In this model, the frequency response mismatched M-TIADC with input signal Xðj!Þ is interpreted as P gain mismatched M-TIADC with differentiated input Xðj!ÞD p ðe j! Þ, p ¼ 0; 1; Á Á Á ; P À 1 and gain factors n;p , and the output y½n is the sum of all the gain mismatched M-TIADC output. A calibration technique using pseudo aliasing signal is proposed in [3] for the gain and timing skew mismatches problem in M-TIADC. As the M-TIADC with FRMs is interpreted as P M-TIADC with gain mismatches, we can extend the method in [3] to deal with the FRMs problem.
Frequency response mismatches induced error signal
By substituting Eq. (4) into Eq. (1) and after some straightforward derivations, the M-TIADC output Yðe j! Þ is expressed as 
Exploiting the Hadamard matrix F of order M, which only consists of 1 and −1, and noting the facts that FF T ¼ MI (I is the identity matrix) and
is the real-valued mismatch related coefficients and
is the discrete Fourier transform (DFT) of real-valued Hadamard matrix F. The following section reveals that the elements ofX T p U is the differential and modulated version of Xðj!Þ. where T k ½n is the repetition of the k-th row (column) vector of the Hadamard matrix F, x ðpÞ ½n is the IDTFT of X ðpÞ ðj!Þ and c k;p is the k-th element ofc p . Thus the output y½n is written as
Model of M-TIADC
where
is the linearly distorted version of x½n and
is the p-th order mismatch induced error signal. Fig. 3 shows the model of M-TIADC corresponding to the mathematical expressions for output y½n presented in Eq. (14)-Eq. (16).
Calibration method
In this section, we propose our calibration method for FRMs in M-TIADC. In our approach, the error signal is reconstructed by the proposed differentiator-modulator structure utilizing the estimated mismatch coefficients.
Calibration structure
From the model presented in previous section, we conclude that the mismatch induced error signal can be generated using the derivative of input signal x ðpÞ ½n, the modulation sequences T k ½n and the mismatch coefficients c k;p . However, only the M-TIADC output y½n is available. Under such circumstance, the mismatch induced error is reconstructed from y½n instead of x½n. This replacement is reasonable because y½n is a good approximation of x½n in a well-designed TIADC. Thus the reconstructed error signal iŝ
whereĉ k;p is the estimated mismatch coefficient for c k;p and y ðpÞ ½n is the p-th order derivative of y½n. Thus the calibrated TIADC output is
With ideal mismatch coefficients estimation, i.e.ĉ k;p ¼ c k;p , the residual error signal is
ðx ðpÞ ½n À y ðpÞ ½nÞc k;p T k ½n: ð19Þ
As we ignore the linear distortion of the input signal, i.e. " x½n ¼ x½n, the residual error signal is
where e ðpÞ ½n is the p-th order derivative of mismatch induced error signal e½n. The proposed differentiator-modulator calibration structure for FRMs in M-TIADC is shown in Fig. 4 . The differentiators D p ðe ðj!Þ Þ are implemented as real FIR filters and the modulation sequences T k ½n only consist of 1 and −1. The real-valued mismatch related coefficientsĉ k;p are estimated by the LS algorithm which is presented in the next section.
Estimation of mismatch coefficients
The calibration structure shown in Fig. 4 exploits the estimated mismatch coefficientsĉ k;p to reconstruct the mismatch induced error signalê½n. In this section, we introduce a foreground method to obtain the parametersc p . A short training signal is required to estimate the mismatch parameters in our method. This requirement is easy to fulfill as training signal is a part of usual communication signals. There are few restrictions on the training signal. One restriction is that it should be wide-band signal because the FRMs are frequency dependent. Another restriction is that it should longer than MP samples otherwise the LS problem is under determined. Denotingỹ
then the time-domain TIADC output Eq. (14) is rewritten in matrix form
Thusc can be estimated by the LS method utilizing the following equatioñ
It should be noted that the size of matrix X T X is MP Â MP. Thus the computation of matrix inversion won't cost many resources as M and P are relatively small in practice.
Cascade calibration structure
In order to further suppress the error signal and improve the performance, a cascade calibration structure is presented as shown in Fig. 5 .
Denoting the i stage compensation output and residual error as y where ðpÞ i ½n is the p-th order derivative of i ½n. The energy of iþ1 ½n is much lower than the energy of i ½n because the mismatch coefficients c k;p ( 1 (k ¼ 1; 2; Á Á Á ; M À 1; p ¼ 0; 1; Á Á Á ; P À 1) and the elements of modulation sequence T k ½n are either 1 or −1.
The ultimate compensation performance of our method is the same as the method presented in [8] . The calibration performances of both methods are bounded by modeling accuracy, the filter approximation errors, the nonlinearity of individual ADCs and the system noise such as quantization noise.
Simulation results
In this section, numerical simulation results are presented to demonstrate the performance of the proposed calibration method. The channel frequency responses are first-order low-pass filters with individual cutoff frequencies, gains and timing offsets. The parameters for frequency responses in simulated 4-TIADC and 8-TIADC are shown in Table I . The resolution of the simulated TIADCs is 12 bits. Fig. 6 shows the spectra of a 4-TIADC output signal before and after calibration. The input is a wide-band signal with 11 tones spanning from 0 to 0:5F s . Figures (a), (b) and (c) in Fig. 6 are the spectra before calibration, after one-stage calibration and after two-stage calibration respectively. The signal-to-noise ratio (SNR) of the uncalibrated signal is 41.4 dB, while the SNR of calibrated signals are 59.3 dB for one-stage compensation and 62.7 dB for two-stage compensation. The mismatch induced spurs are suppressed greatly as the figures show. The spuriousfree dynamic ranges (SFDRs) are 38 dB, 56.7 dB and 73.9 dB for figure (a), (b) and (c) respectively. The mismatch coefficients are estimated using a wide-band training signal with 8 tones spanning from 0 to 0:5Fs.
The spectra of 8-TIADC output signal before and after compensation are shown in Fig. 7 . The input signal and the training signal are the same as in Fig. 6 . The SNR of uncalibrated 8-TIADC output is 33.8 dB, while the SNRs of one-stage and two-stage calibrated signal are 52.9 dB and 60.8 dB respectively. The SFDRs are 36.6 dB, 54.3 dB and 63.9 dB for figure (a), (b) and (c) respectively. The calibration performance in 8-TIADC is not as good as in 4-TIADC. This is because there are Table I . Parameters for frequency responses. F c n , g n and Á n are the cutoff frequency, gain and timing offset of channel n respectively. Fig. 8 show the SNR improvement versus the length of training signal in 4-TIADC (a) and in 8-TIADC (b). The training signal is a wide-band signal with 8 tones as in previous simulations. The calibration performance increases with the length of training signal in both 4-TIADC and 8-TIADC. Longer training signal is required to gain the same SNR improvement for 8-TIADC compared with 4-TIADC as there are more mismatch parameters to estimate. It should be noted that the SNR improvements with different order of polynomial series are almost the same for both 4-TIADC and 8-TIADC. Thus a 3rd-order polynomial series is sufficient to model the first-order low-pass filters used as frequency responses in this paper. From the figures in Fig. 8 we can conclude that a training signal with 2 11 to 2 12 samples is enough estimate the mismatch parameters accurately. Fig. 9 illustrates the SNR improvement versus the order of differentiators and the length of training signal for 4-TIADC (a) and 8-TIADC (b). For a fixed order of differentiator, the SNR improvement increases with the length of training signal, which is demonstrated by Fig. 8 . The calibration performance also increases with the differentiator order for all simulated training signal lengths. However, the SNR improvement only increases by a small number with the order of differentiator for short training signal. We can conclude that differentiators with about 10 and 20 taps are sufficient for calibration with short and long training signal respectively. A brief comparison between several state-of-the-art FRM calibration methods is shown in Table II . Compared with the blind calibration methods [10, 13] , the method in this work has wider applications as the blind methods only focus either on 4-TIADC or 2-TIADC while our method is for M-TIADC where M ¼ 2; 4; 8; Á Á Á . While compared with the time-varying filters based methods [8, 9] , our method is much simpler in terms of implementation because only timeinvariant signal processing is required thus coefficients updating for variable digital lter (VDF) at every samples is avoided. Moreover, on-line calibration is possible when training sequences are contained in the input signal, which is the case of many communication signals such as OFDM.
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Conclusion
A digital compensation method for FRMs in M-TIADCs is presented in this brief. In this method, the frequency responses are represented by polynomial series in j!, and the error signal is reconstructed by fixed differentiator FIR filters and modulation sequences which only consist of 1 and −1. Compared with conventional methods, our method is more efficient and simpler as no extra front-end hardware, time-varying filter or complex signal processing unit is required.
